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Il PERIODIC FUNCTIONS

Fourier series are infinite series that represent periodic functions in terms of cosines and
sines. Solutions of many problems in engineering and applied mathematics can be ap-
proximated using Fourier series. They include problems of vibrations of a string and heat
conduction problems. In this unit, we introduce the Fourier series, the conditions of ex-
istence of it, applications and some problems solved using Fourier series. We begin with

the definition of periodic functions.

Definition 1.1

A function f(z) is called a periodic function if there is some positive number p such

that
fx+p) = f(z) (1)

for every x. The number p is called a period of f.
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1. The period of sinx is 27.

2. The period of sin 27z is 1.

3. The period of sin 7z is 2.

4. Generally the period of sinlz is 27“, for [ # 0.
5. Also the period of sin(lx + a) is 277’7 for [ # 0.

6. The period of cosz is 2m.

7. The period of a simple harmonic motion with displacement y = sinwt is %’T

. . . 2 T
8. The period of s = 2sin(4t — 1) is = = 7.

9. The period of s = 2sin 3t cos 3t is %” = % since 2sin 3¢ cos 3t = sin 6¢

10. The period of z = e is 2, since €™ = cos2m + isin2r = 1, we have

it __ Lit,i27 i(t+2m)

e e’e =€

11. The period of z = 2¢*/2 is 12% = 4.
12. The period of z = 2™ is 2% = 2,

13. The period of z = —4e/®+3m jg 28 — .

YAl FOURIER SERIES

Suppose that f(x) is a given function of period 27 defined in the interval [—m, 7]. The

Fourier series of f(x) is defined as

flz) = % I ;(an cos nx + by, sin nx) (2)
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where the Fourier coefficients ag, a,, and b,, are given by

2o = %/ f(z) da (3)
0 = % / 7; F(z) cosnz da ()
b= / f(z) sinnz dz (5)

forn=1,2,....

P Expanding the summation in (2), we have

flx) = %+a1COS$—|—CL2C082$+(1300831’+"‘+b181ﬂ1‘+b28iﬂ21’—|—b381ﬂ3$—|—"' .

Problem 2.1

Expand in a Fourier series the function f(x) sketched in the figure. This function
might represent, for example, a periodic voltage pulse. The terms of our Fourier
series would then correspond to the different a-c frequencies which are com- bined
in this “square wave” voltage, and the magnitude of the Fourier coefficients would
indicate the relative importance of the various frequencies.

fix)

Solution. From the figure it is clear that f(x) is a period function with period 27 given

by,
0, n<z<nm

fz) =

1, 0<z <.

The Fourier series of f(x) is given by

flz) = % + Z(an cosnx + by, sinnx).

n=1
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We find the Fourier coefficients. By the definition,

ag = 1 7rf(:zc)dx

™

1 0 T
:—/ Odw—l—/ 1dx
T™J-n 0

= 0+ )

Forn=1,2,...,

a, = f(z)cosnz dx

r r0 T
/ Ocosnxdx + / 1 cosnx dx]
LJ —m 0

/ cosnz dx
0

0 -
sin nx}

Nlm 3= 3= 3]

noJo

(sinnm — sin0)

>1|"|

I
< 3

and

/7r f(z)sinnx dx

1
T
1] /0 "
—[/ Osinnxdx+/ lsinnxdm}
T ) . 0
_/ sin nx dx
0

1 |:—COSTLI’:|7r

™

—1
= —(cosnm — cos0)

= (-1 - 1)

= (- (1))

nm

n 0

0 if n is even

% if n is odd.
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Hence
flz) = %+a1cosx+a2cos2x+agcos3x+---+blsinx+bgsin2x+bgsin3x+---

1 2 2 2

=—-—40+—-sinz+0+ —sindzx+ 0+ —sindxr + - --
2 s 3 o
1 2 /sinx sindxr sindz

=4+ - +oee ) [ |
2 7 1 3 5)

Problem 2.2

Find the Fourier series of

/(=)

-1, 7m<x<0

1

O<ax<m.

Y

Solution. The Fourier series

f(z)
We find the Fourier coefficient

a

Forn=1,2,...,

IS

3

I
3 |

I

3 =

N =

i il

of f(x) is given by
% + ;(an cosnx + by, sinnx).

s. By the definition,

/Zf(:v)dx

[/ —1dz + 1d:v}
—T 0

([=2%x + [215)

O0—7m+7m—0)

1
0= =
us
1

S N =3]= 3|

f(z) cosnzx dx
0
:

. 0
SN T

(—1)cosn:cd1‘+/ 1cosn:vdx]
0

cosnz dx + / CcoS N dx}
0

|

(sin 0 + sin(—nm) + sinnm — sin 0)

. ™
S nx

n n

-7 0
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and
1 [™ )
bn:—/ f(z)sinnx dx

7T —Tr
1 r rO0 iy

== / (—1)sinnxd$+/ lsinmcdx}
L Y 0
1 r ro0 T

[ / —sinna:d:n+/ sinnxdw]
T LS - 0
1 [ cosnx|0 — COSNT ”]

S 4+ — =
Tl n Il n 0
L [cos0 — cos(—n) — ( 0)]

= — [cos 0 — cos(—nm) — (cosnm — cos
nmw
1
= () = (1))
1

=—[2-=-2(-1)"
(2 2(-1)1
2

= 21— (1)
2

0 if nis even
ﬁ if n i1s odd.
Hence

flz) = %+alcosx+agcos2x+a3cos3x+---+blsinx+bgsin2x+bgsin3x+--‘

4 4 4
=0+0+—-sinz+0+ —sin3z+0+ —sindzxr + - --
T 3 5T

4 i in3 inb
:_(sma: sin3r  sin :L'+> -

7r1+3+5

Problem 2.3

Find the Fourier series of

0, —m<z<0
fl@)=41, 0<az<Z

0, 3<x<m.

Solution. The Fourier series of f(x) is given by

flz) = % + ;(an cos nx + by, sin nx).
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We find the Fourier coefficients. By the definition,

Forn=1,2,...,

Qo

Ay —

1 s
= — d
- e
1 0 g s
:—/ 0dx+/ 1dx+/ 0dz
T™J_x 0 %
1 [z
:—/ 1dx
™ Jo
1 T
— _[r]2
ﬂmo
1 7
=—(=-0
7T(2 )
1
=5
1 v
—/ f(x) cosnx dx
7r —T7
1 0 g T
—/ de+/ 1cosna:d:x+/
T J_n 0 g
1 [2
—/ cosnx dx
™ Jo
1 |sinnx 2
T noJ,
1
— [sinnZ—SiHO]
nmw 2
1 .
—sinn—
nm 2
1, n=1,5,...
1
— 0, n=2,4,...
nmw
-1, n=3,7,...

0dx
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and

3

f(z)sinnz dx

|
3

™

0dx+/21sinnxdx+/ 0dzx
0

™

Wl

sinnx dx

s
{— cosmc} 2
n 0

[ ™
_COS n B COSs

o\h\

Nl= 3= 3= 3

= — -cosnz — 1]
L 2

(

0—1, n=1,3,5,...
=—< —-1-1, n=26,...
1-1, n=4,8,...

-1, n=1,3,5,...
=—19 -2, n=26,...
0, n=4,8,...
1, n=1,3,5,...
=—492 n=206,...
\O, n=4,8,...

Hence

flx :@+alcosm+agcos2m+agcos3x+---+blsinx+bgsin2x+bgsin3w+---
2
1 1 fcosz cos3x cosbx cosTx

1 3 5 7
1 (sin xr 2sin2r sin3z  sinbr 2sin6xr sin7r  sin9z N ) -
- )

1+2+3+5+6+7+9

Problem 2.4

Find the Fourier series of

0, - mt<zxz<0
flz) =

r, 0<x<m.

Solution. The Fourier series of f(x) is given by

Qo - .
flx) = 5 + Z(an cos nz + by, sin nz).

n=1
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We find the Fourier coefficients. By the definition,

Forn=1,2,...,

Qn

ag =

(@) da

0 s
{/ Od:t—I—/ mdz]
-7 0
/xd:v
0
33_271'
2 |y

N N I I R N
PR

™

f(z)cosnz dx

[

0

—

(0) cosnx dx + / & COS NI dx}
0

—Tr

T cosne dr
”_/”(1)sinm: dx}
0 0 n

)

1 o\}]

sin nx

8

n

[ sinnrm
T

cosnx
2

n n

Nl D= A= D= A= N

[ cosnm  cos0
0+ CE—

n n

!
—[(-D)"—1

So(=1)" =1

1 | -2, n=1.35,...

T |0, n=24.6,....
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and

/7T f(z)sinnz dx

0 ™
{/ (0) sinnx dx + / xsinnx dm}
- 0

™
x sin nx dx

=]

— Ccosnx
a’:—

n

— CcosnT sin nx

”_/“(1)—Cosnazd$}
0 0 n
L)

i
2 }
n n 0

(—1)n+t N sin n sinO]

e N N e N e N

—~

f(z) = %+alcosx+a2(3082m—|—agcos3m—|—---+blsinm+bgsin2m—|—bgsin3x+---

2 2 2
:%—;COS$+0—?)2—7TCOS3QZ+O—52—WCOS5Q}+"'

1
+sinx — §Sin2x+§sin3x— Zsin4x+---

. 2 cosyc+cos3ac+cos.53:+
4 T\ 1 32 52
sinz sin2x sin3x sindx
_ _ + .. . B
1 2 3 4

Problem 2.5

Find the Fourier series of

—x, —nm<x<0
flz) =

r, 0<zx<m.

Solution. The Fourier series of f(x) is given by

Qo = .
fz) = 5 + Z(an cos nx + by, sin nzx).

n=1
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We find the Fourier coefficients. By the definition,

1 s
= — d
ag - 7ﬂf(m) T
1 0 s
= — / —xdx+/ a:d:c]
m -7 0
1 22 |° 22"
S 4+ =
T 2 |_. 2,
1 (—m)% m?
S Z 0
T | * 2 2
L
—;(W)
= 7.

Forn=1,2,...,
1 v
an:—/ f(x) cosnx dx

7r —T7
1 r r0 T

=— / (—x) Cosna:dx—l—/ xcosnxdaz]
m LS —m 0

:l (_m>sinnx 0 _/0 (_1)sinnx dx+xsinnx W_/”(Dsinnx dx]
T no| o n no|, 0 n
10 Y sinnax T sinnx

=— |0+ dr+ 0 — dz
| e n B n

_ 1 _/0 sin nx dx—/ﬂ sin nx daz}
T, n 0 n

B 1| —cosnz| —cosnz|"

o n? . n? 0
1 cosnmt  cos0

= |0+ 2 2
| n n
1

— (1) -1
{1y 1]

and
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In the first integral substitute u = —x, then —x = u,sinnx = —sinnu,dr = —du,r =

—nm=u=m,and r =0 = u = 0, so that

17 /0 i
= — [/ usinnudu+/ :csinn:z;da:]
T - 0
1 L o
= [—/ xsmnxdx—i—/ a:smna:dx]
0 0

™
=0

2 2 2
——cosr+0——cos3z+0— —-cosbr+---+0
T 327 521

T
4
™ 2 [cosx cos3r  COSDT
4 (1 T TR +)

Problem 2.6

Find the Fourier series of

flx)=142z, —-w<z<m.

Solution. The Fourier series of f(x) is given by
flz) = % + ;(an cosnx + by, sinnx).

We find the Fourier coefficients. By the definition,

aozi/jrf(x)dx
= 1/_1(1+1:)d:v

ld:c—i—/ :vd:c}

[]”, + 0]

ol —

5
|
[
-’

S N e I I L
Sy
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Forn=1,2,...,

and

a
f(x) = —0+61160833+a20082x+a3cos3x+---

<
S
I
3|

3|

3o —\~]|H >]|}—‘ ﬂl»—l

Il
e

Do 3 o 3| >1|w >1|r— >]|P—‘ A= =

S|
—

|

[S—

S~—

S

+

=

15

/ f(z) cosnz dx

/ (14 z) cosnx dx

/cosnxdm+/ xcosnxd:p}
2/ cosna:da:%—O}

sinnz
2 }
0

n

sinnmt  sin0
n n

/” f(x)sinnx dx

(1 + x)sinnz dx
S

/ 1nnxd$+/ xsinnxd:r}

0+ 2/ xsinnxdm]

_/ — COSNT dm}

0 0 n

|

—(=1)" sinnm  sin0
+ i

n n? n?

— COSNx

8

71'_——1-0—0}

+ by sinx + by sin 2x + by sin3x + - - -

2
9 3 -
_ 1+0—|—25in$—28m T +2sm T _2SH1 T
2 3 4
sinz sin2x sin3dx sindx
=14+2 — — e [ |
+ ( 1 2 3 4 + )
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Problem 2.7

Find the Fourier series of

f(z) = 0, - w<x<0

sinz, 0<zx<m.

Solution. The Fourier series of f(x) is given by

Qo = .
flz) = 5 + Z(an cosnx + by, sinnx).

n=1
We find the Fourier coefficients. By the definition,

ag = L[ f(z)dx

™

1 0 ™
:—{/ de—l—/ sina:dx}
n -7 0

1
= — [0+ —cosz|y]

7r
1

= = [~ cosm — (— cos0
7T[ cos ™ — (— cos0)]
1

= ~(1+1

1+)

2

=

Forn=1,2,...,

1 s
a, = —/ f(z) cosnz dx

0 s
[/ (0) cosnx dx + / sin x cos nx dm}
—m 0

s
= / sin x cos nx dzx.
0

S|~
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Let I} = foﬂ sin x cos nx dz. Then

s
11:/ sin x cos nx dx
0

~ sinnz]” i sin nx
= |sinx — Ccos dz
0 0

n n
. sinnm . sin0 — Ccosnx —COS n
=sinm —sin( — |cosz——— —i— —sinx) — dx
n n
— — 0 1
=0—-0-— {coswﬂ—cos cos } —/ sin x cos nx dx
n n? J,
—(=1)" —1 1
S R U] B
1 (_1)n+1 1
= (“ﬁ)ﬁ:T—ﬁ
n? -1 ( 1)n+1 1
:> ( n2 ) Il = n2
1 n+1
:>11—( n)2—1 (for n # 1)
When n =1

:l/ sin x cos x dx.
™ Jo
B 1 81n2x
_;/0
1 —cos2a;
H ]

1
= ——|COS 47T — COS
leos 27 — cos )

™
1
=——[1-1
=1
= 0.
Hence a; = 0 and for n > 1,
1 n+1
0 — _( 1) 1
T n?2-—1
0 ifnis odd
W(n’f_l) if n is even

Also

1 0 T
== [/ (0) sin nx dx + / sin x sin nx dx]
@ - 0

s
= / sin z sinnx dx.
0

-
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Let I, = foﬂ sin x sin nx dr. Then

vy
_72:/ sin x sin nx dx
0

. —cosnx " T — COSNT
= lsing————=| — cosT———— dx
0 0

n n
. —cosnm . —cos0 sinnz |" 4 _ —sinnx
=sinT——— —sin0 + |cosz— — [ (=sinz)——F5—dx
n n n 0 B n
sin nw sin 0 1 /™. .
=0—0+ |cosm 3 —cos0 |+ = sin x sin nx dx
n n n? J,
1
n

0
:>]2:n2_1
=0. (forn#1)
Ifn=1,
[ . .
bl——/ sin z sin x dx
™ Jo
1 s
:—/ sin’ z dx
™ Jo
1/”1—c082x
= — —dx
T Jo 2
1 sin 2z "
= — €T —
21 2 0
1 sin2r  sin0
_%l<”_0>_ > 2}
S )
_27T7T
1
=5
Hence

flx) = %+a1cosx+a20082x—|—agcos3x+---+blsinx+bgsin2x+b381n3x+---
1

2 2 2
=—4+0- —- 2 0— — 4 0— — 6
7T+ 7r(22—1) cos2x + 7r(42—1) cosdxr + 7r(62—1) cos bx +

1
+§Sinx+0—|—0+~--

1+sinx 2 0082x+cos4x+cos6’x+
22 -1 42-1 62-1 )

™ 2 7
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We have discussed Fourier series of periodic functions in the interval [—m, 7]. Now we
turn our discussion to the Fourier series of functions in an interval [—[,]. Suppose that
f(z) is a given function of period 2 defined in the interval [—,]. The Fourier series of

f(z) is defined as

= ?O + i (an cos 22 4 by, sin nlﬂ> (6)

n=1

where the Fourier coefficients ag, a,, and b, are given by

1 [ )

/ () cos ™0 (8)

/ f(z sinmdx (9)

formn=1,2,....

P> For the basic interval (0,2l) we need only change the integration limits to 0 to 21.

Problem 2.8

Find the Fourier series of

0, O0<x<l
flz) =

1, I<x<2l.

Solution. The Fourier series of f(x) is given by

. nmx
=E+Z(ancos—+b nT>

n=1
We find the Fourier coefficients. By the definition,

ag = 1 2lf(x) dx

[/ de—l—/ 1dx}
= /llda:

ﬁ
8
S
1
IS)
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Forn=1,2,...,

Also

1 |2 n=135,...
nm 0 n=2,4,6,....

aop T 2rx 3nx . T . 21z . 3mx
f(:v):E+alcosT+a2cosT+agcosT—|—---+bls1n7+bgsmT+bgsmT—|—---

1 1 /-2 7z -2 . 3rx -2 . S7mxw
=—-+0+— TsmT+0+?Sln7+0+?smT+---

2

1 2 1 1

___(, T . 3mx . bmx ) -
2 07
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Problem 2.9

A sinusoidal voltage E sinwt, where t is time, is passed through a half-wave rectifier
that clips the negative portion of the wave. Find the Fourier series of the resulting

periodic function
0 if —-L<t<O

Esinwt if0<t< L.

u(t) =

Period, p =2L = <

Solution. We have L = T. The Fourier series of f(x) is given by

t (o]
+ Z <an cOS —— —1— b,, sin %) = % + ;(an cos nwt + by, sin nwt).

We find the Fourier coefficients. By the definition,

1 L
_Z/_Lf(t)dt
1 0 2L
= — [/ 0dt~|—/ Esinwtdt}
L)L 0

L
= —/ Esinwt dt
0

B E [—coswt]”
L w 0

= —L—[cos Lw — cos 0]
w

= ——[cosm — 1]
m

E

Zle1-1

“la)

2F

—

Forn=1,2,...,

/ f(t) cosn—mdt

/ f(t) cosnwt dt

t~ |

hIH

0 L
{/ (0) cosnwt dt + / E sinwt cos nwt dt
0

—L

SIE

b{IH

/ FE' sin wt cos nwt dt

=

L
1
—— / 5[811’1(1 —+ n)wt + sin(l — n)wt] dt
0

™~
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For n # 1, we get

22

E [—cos(l4+n)wt —cos(l—n)wt]”
an = —
2L (1+n)w (1—-n)w 0
E [—cos(l1+n)Lw+cosO —cos(l —n)wL + cos0
= +
2Lw 14+n 1—n
E [—cos(l+n)r+1 —cos(l—n)r+1
2m | 1+n 1—n
E [—(-D)""+1 N —(—1)' " +1
or | 1+n 1-n
E '(_1)2+n + 1 N (_1)2—n + 1
2m 1+n 1—n
E 0 n=3,5,
o _
Tl + 5 n=24,6,.
0 n=3,95,
N 2F
Tras " 2,4,6,
For n =1,
E ("1
a; = f/o a[siHZwt—i—sinO] dt
L
Z sin 2wt dt
_FE —costh L
2L 2w,
4_Lw [cos 2w — cos 0]
_ .
= 1o ——[cos 27 — cos 0]
-1
T 4Lw
= 0.
Also
1 [* t
b, = z/_Lf(t)sm%dt
1 L
:—/ f(t) sinnwt dt
L),
1 0 L
=7 [ (0) sin nwt dt+/ E sin wt sin nwt dt
0
! / t tdt
— sin wt sin nw
"L
E 1
—/ —[cos(1 — n)wt — cos(1 + n)wt] dt
LJ, 2
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For n # 1, we get

B = E [sin(l —n)wt sin(l 4+ n)wt]”
"2l | (1-n)w 1+nw |,
_ E [sin(l —n)Lw—sin0 sin(l +n)wL —sin0
" 2Lw 1—n 1—n
E [sin(l —n)r  sin(l+n)7
o 1—n 1+n
E
0-0
=5-[0-0]
— 0.
For n =1,
E ("1
= — cosO—cos 2wt| dt
L Jy
E
:—/ [1 — cos 2wt] dt
L Jo
E [, sin2wt
T 2L | 2w |,
E [ sin 2Lw — sin 0
— — |L-0—
o |10 2w ]
E sin 27
- —|L-
2L 2w }
E
— L0
57 L= 0]
_E
27
Hence

u(t) = 2o ~+ a1 cos wt + ag cos 3wt + ag cos 3wt + - - - + by sin wt + by sin 2wt 4 b3 sin 3wt + - - -

2
E+O—|— 2L 2t—|—0+—2E 4wt + +E inwt+0
= ———— €0s 2w cosdwt + -+ -+ —sinw
T 3(—1)m 5(=3)m 2
E  2F 1 1 E
:;—7 <mcos2wt+3—5€osw4t+ )—l—Esinwt. |

Problem 2.10

Find the Fourier series of

1422, —-1<x<0
flz) =

1-2z, O0<z<l1.

Solution. Here | = 1. The Fourier series of f(z) is given by

+ Z (an cos % + b, sin nlﬂ> = % + Z(an cosnmx + by, sinnmx).

n=1

Jeeja A. V. Jeejamath@gmail.com



24

We find the Fourier coefficients. By the definition,

Forn=1,2,...,

1 l
aozi/lf(x)dx
1
f

() dx

0 1
:/ 1+2xdx+/1—2xdm
1 0

= [z + 22, + [z — 27
=[0+0—(=1+(=1))]+[1-1*-(0-0)]

=0.

1
an = f(x) cosnmx dx
-1

-1

sin nmx

=(14+2
(14 22) —
—0+

nw
2

nm

= [cos 0 — cos(—nm)] —

n2m2

= 2[1 - (_1)71] -

2 cosnmx |0 2 cosnmx
+0

0 1
:/ (1+2x)cosn7r:vdx+/ (1 — 2x) cos nmx dx]
0

0 _/O(Q)Sinmrx dr 4+ (1 _2x)sinn7rm
-1 -1 nm nm

1

-1 nim nm 0

55 [cosnm — cos 0]
n’m

ey

n2m?

1_/1(_2)si1r1n7malm
0 0 nmw

0 n=24,6,
8 | n=135,.
™| 0 n=2,46,.
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Also
1
b, = f(z)sinnrx dx
-1

0 1
:/ (1—|—2x)sinn7mdx+/ (1 — 2z) sinnrzx dr]
0

-1

0 0 1 1
— COSNTEL — COSNTT — COSNTXL — COSNTXL
= (14+22)— . gy cosnTL |y —cosnmalt R
) nm 1 /—1() nm T 7) nto |, /0< ) nmw
_1 2 . o
= _[(1 + O) cos(0 — (1 — 2) COS(—nﬂ-)] 4+ £ |:Slnn7r$:|
nmw — — 1
_1 2 ) )
—I[(1 =2)cosnm — (1 —0)cos0] — — {Slnmrx}
nmw — —
=—11 —1)" 0— —[—(=1)"=1]1=0
L+ ()0 (-1 1
_1 . .
::E;fl+(—&) (1) 1]
=0.
Hence

f(z) = % + a1 cos T + a9 COS 27T + a3 cos3wx + « - - + by sinwx + bysin 27z + by sin 3w + - - -

2

12
8 [cosmxr cosd3mx cosHTx
— + 4+ ).

—e2le T 52

Problem 2.11

Find the Fourier series of

8 (1 1 1
=0+ — (—COSﬂ'l‘-l—O-l——2C0837T.17+0-|——COS57TJJ+'--) +0
T 3 52

0, —-1<z<0
flz) =

1, 0<z<3.

Solution. Here 2L = 4 so that L = 2. Left as exercise.

Problem 2.12

Find the Fourier series of

Solution. Here 2L = 1 so that L = % Left as exercise.
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Problem 2.13

Find the Fourier series of

s 0<xr<?
flx)=4"7
1, 2<z<3
Solution. Here 2L = 3 so that L = % Left as exercise. [ |

I EVEN AND ODD FUNCTIONS

We know that a function is even if f(—x) = f(x) and odd if f(—z) = —f(z). It is clear
that product of two even/odd functions is even, but a product of two functions of different

category will be an odd function. It is also known that

I
/l Fa) de = 2/0 f(z)dx if f(x) is even
- 0 if f(x) is odd.

Using these facts about even/odd functions, we can deduce that

an:07

If is odd, T 10
f(z)iso b Q/lf(:c)' nmwx (10)
0

sin e dx.

S

and

If f(x) is even, l R (11)

We say that we have expanded an odd function f(z) in a sine series

o

f(z) = ansinnlﬂ

n=1

and an even function f(z) in a cosine series

- . nwx
f(z) = ;an sin ——.
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3 CONVERGENCE AND SUM OF A FOURIER
SERIES

We next give the conditions under which a function can be expanded as a Fourier

series.

Theorem 3.1

Consider a function f(x) defined in the interval [—m,w| satisfying the following

conditions;
» f(x) is periodic with period 2.
» f(x) is piecewise continuous in the interval [—m, 7]
» f(x) has left-hand and right-hand derivatives at each point of [—m, 7].

Then the Fourier series of f(x) converges. It sum is f(x) at points of continuity. If
f(z) is discontinuous at xo in [—m, 7|, then at that point sum of the series is the

average of the left-hand and right-hand limits of f(x) at .

» The left hand limit of f(z) at x¢ is defined as f(z,) = flLin% f(zo — h) where
=

h — 0 through positive values.

» The right hand limit of f(z) at z, is defined as f(z§) = lim f(xg + h) where
—

h — 0 through positive values.

» The left hand derivative of f(x) at xy is defined as f'(z;) =
hmf(xo—h)—f(l’a)

h—0 —h

where h — 0 through positive values.

» The right hand derivative of f(z) at zy is defined as f'(zd) =
lim f@o +h) — flag)
h—0 —h

where h — 0 through positive values.
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Problem 3.1

Find the Fourier series of the periodic function f(x) defined by

—k if —m<2x<0
flz) = and f(z +2m) = f(x).

k f0<z<m

Using it deduce that 1 — % +

=
13

1
5

Solution. It can be seen that the Fourier series of f(z) is

4k 1 1
f(z) = — <sinx—i— gsin?)x—i- gsin5x+~~-> :

Since the function f(z) is continuous at = Z and f (Z) = k, we see that

k_4k; . 7T+1 . 37T+1 . 57r+1 T
= Sln2 3sm2 581112 7sm2

:%<1_1+ _1+...>
T 3 7

1

5

= =1- T |

1
5
s 1 1
1 37577

Problem 3.2

Find the Fourier series of
flx)=2% -1<z<l, p=

Using it deduce that 1+ § + § + 15 = %2.

Solution. Here [ = 1. The Fourier series of f(x) is given by

fz) = % + 2 (an cos nlﬂ + b, sin nlﬂ) = % + ;(an cosnmx + by, sinnmx).
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We find the Fourier coefficients. By the definition,

1 [
aozj/lf(x)dx

1

A

() dx

1
1

= / 2% dx
1

1
a, = / f(z)cosnmz dx

1
= / 2% cosnrr dx

1
= 2/ 2% cosnrx dx
0
sinnrz |’ U sinnrz
=2 |2? — 2x dz
nT |, 0 nmw

2 2 . 1 ! .
= — |Z smmrx‘D—Q rsinnmx dx
0

nmw
1 1
2 . — COSNTX — COSNTX
= — |sinnr—0—-2|z——m| — ——dx
nmw nmw 0 0 nmw

9 1
=— —2(—a:cosn7rx|(1)+/ Cosnm:daz)}
nem 0

—4 [ sinnrz |’
= —cosnm — 0+
n2m2 ntTo |,
—4 T sinnmt  sin0
— -1 n+1 e
n?m? ( A nm mr}
4 .
= n2n2 (=)™ +0-0]
4(-1)"
T a2
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Also
1
bn:/ f(z)sinnmx dx
1
1
= 22 sinnrz de
1
=0.
Hence
f(x):%+alcosmz—{—azcos27m+a3cos37m+---+blsinmz+bgsin27rx+bgsin37r:r+---
1 + A ! + ! 2 L 3rr + ! 4 L brx + +0
=313 12 COSTE + o5 COS2MT — 25 COSINT + 75 COSAME — 5 c08 Sy
1,4 ! + ! 2 L 3rx + ! 4 L Srx +
=313 12 COSTE + o5 COS2MT — =5 COSIMT + 75 COS AME — 5 co8 S
Put x = 1. We have f(17) =1 so that
1 L + 1 ! + L 2 1 3T+ ! 4 ! o +
= -+ — | ——=cosm+ —cos2mT — — cos 3T + — coS4T — — COSHT + - - -
3 w2 12 22 32 42 52

1 4 1 1 1 1 1
:>1—§:—2<§+§+§+E+§+"')
2 4 1 1 1 1 1
ﬁg_ﬁ(ﬁ*ﬁ*@*@*?*“)
12 12 722 32 42 52
B N N N S S
6 12 7 22 32 42 52

Put x = % We have f (%) = }1 so that

1 1 4 1 ™ 1 m 1 dm 1 m 1 om
Z:§+P(—ﬁcos§+?0082§—?0057%—@00545—5—20%3—1—---)
1 4 1 1 1
$1‘37§G§ 2 @t >
i:gﬂi@; i_i+“)
12 2 22 42 62

2 1 1 1 1
T — - [ |

= — =
48 22 42 + 62 82
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